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Abstract
It is generally believed that the inter-edge coupling destroys the quantum spin Hall (QSH) effect
along with the gap opening at the Dirac points. Using first-principles calculations, we find that
the quantized edge transport persists in the presence of inter-edge coupling in Ta intercalated
epitaxial graphene on SiC(0001), being a QSH insulator with the non-trivial gap of 81 meV. In this
case, the band is characterized by two perfect Dirac cones with different Fermi velocities, yet only
one maintains the edge state feature. We attribute such an anomalous behavior to the orbital-
dependent decay of edge states into the bulk, which allows the inter-edge coupling just between
one pair of edge states rather than two.
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I. INTRODUCTION
The groundbreaking work of the quantum Hall effect (QHE)1 has opened a new avenue for
the studies of boundary state physics in condensed matter. Recently, a new member, called
quantum spin Hall effect (QSHE)2,3, is brought into the family of Hall systems. Different
from the chiral edge states induced by the external magnetic field in the QHE, the QSHE
occurs without need of the magnetic field and the strong spin-orbit coupling (SOC) itself
leads to the time-reversal symmetry protected helical edge states. This yields a substantial
difference from the QHE, i.e., the states on the opposite edges can couple with each other
to generate a bandgap and destroy the QSHE as the system width is reduced to be rather
narrow.4 Consequently, a topological phase transition occurs between QSH state and trivial
insulator. Such an inter-edge coupling may also lead to rich physical phenomena as reported
in other QH systems5–7.
Due to the SOC, there are two pairs of Dirac states on the edges in a QSH insulator. In
principle, the inter-edge coupling can be described by a 4 × 4 matrix with two parameters R
and T related to the two characteristic tunneling processes8, as schematically illustrated in
Fig. 1. Specifically, the process of R (T ) happens between the same (different) spins. R and
T become significant only after a critical ribbon width. When the two edges are decoupled
for a sufficient width, both R and T are zero and the system exists in the QSH state protected
by the time-reversal symmetry.9 When the two edges are close enough to each other, neither
R nor T is zero and the inter-edge coupling produces a gap in the spectrum, hence destroying
the QSH effect4. Intrinsically, the gap opening is resulted from the interactions of Dirac-
fermions between two edges. However, the previous study10 revealed that the interactions
of two Dirac cones can also preserve the perfect Dirac spectrum without opening a gap, just
renormalizing the Fermi velocity if only one of R and T is zero. In other words, the Dirac
spectrum would remain robust in the presence of inter-edge coupling. More importantly,
Delplace et al.8 have shown that the backscattering is prohibited too for this case and the
system is reduced to two decoupled copies of quantum Hall edge states. So far, the knowledge
corresponding to the two cases of T = 0 and R = 0 or T 6= 0 and R 6= 0 has been well-
established4,9. It is naturally to ask: Whether is there a system that can realize the case of
just T = 0 or R = 0?
In this paper, we reveal that the Ta intercalated epitaxial graphene on SiC(0001) [denoted
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FIG. 1: (Color online) Illustration of the inter-edge coupling between the Dirac states on two
edges. Red and blue represent the directions of spin while the arrows represent the directions of
propagation. R and T are two interaction parameters corresponding to the two possible tunneling
processes between the same and different spins. Generally speaking, there should exist three cases
dependent upon the inter-edge coupling, i.e., (i) R =0 and T =0, (ii) R 6=0 and T 6=0, (iii) R =0
or T =0. The knowledge about the first two situations has been well-established but hitherto no
report on the third case.
as G/i -Ta/SiC] is such a system using the first-principles calculations. The large SOC of Ta
opens a non-trivial gap of 81 meV, manifesting itself in the QSH state. A key difference from
conventionally investigated QSH insulators is the significant Rashba splitting in G/i -Ta/SiC,
which leads to the distinct decay lengths of edge states into the bulk. Consequently, as the
G/i -Ta/SiC ribbon width reduces, three phases emerge in sequence, i.e., (I) the true time-
reversal symmetry protected QSH state, (II) interacted quantized edge transport state and
(III) trivial insulator state. In phase (II), there coexist the bulk and edge Dirac-fermions due
to the inter-edge coupling only between one pair of edge states. Our findings are valuable to
understand the topological phase transition and topologically protected quantized transport
more deeply.
2
E
n
e
rg
y 
(e
V
)
(c)
(d)
MΓK
-0.8
-0.4
0.0
0.4
0.8
K
92 meV
81 meV
84 meV
(a)
(b)
Si
C2
Ta
SiC
C1
MΓK K
L
D
O
S
 (
a
rb
. 
u
n
its
)
-2 -1 0 1 2
0
1
2
3
Energy (eV)
 dxy,dx2-y2
 dxz, dyz
 dz2
 graphene
 Si
FIG. 2: (Color online) Top (a) and side (b) view of the optimized geometries of the G/i -Ta/SiC.
Green dashed rhombus in (a) represents the surface cell. Note that C1 and C2 denote the two
suspended carbon atoms not directly bonding to Ta. (c) Band structures of the G/i -Ta/SiC
system without (Left) and with (Right) spin-orbit coupling. Inset is the magnified plot of the
parabolic dispersion around Γ point. (d) Local density of states of G/i -Ta/SiC system. The Fermi
levels are set to zero.
II. METHOD AND MODELS
The calculations were performed using density-functional theory (DFT) with the projec-
tor augmented wave11 method and the local density approximation (LDA)12 for the exchange
and correlation potential, as implemented in the Vienna ab initio simulation package13. The
cutoff energy was set to 400 eV. We place a 2 × 2 graphene overlayer on top of a√3×√3R30◦
3
6H-SiC(0001) with one Ta atom intercalated between them (see Fig. 2). We model the SiC
substrate with six SiC bilayers and fix the lower three at their respective bulk positions to
simulate the bulk environment whereas fully relax all other atomic positions without any
symmetry constraint until the residual forces are less than 0.01 eV/A˚. We choose the vac-
uum layer thickness larger than 10 A˚. In the calculations for very wide ribbons (W = 26,
46), the SiC substrate is approximately modelled by one SiC bilayer, to achieve a balance
between calculation efficiency and accuracy. Test calculations using narrower ribbons show
that such a treatment yields an excellent description of the states near the Fermi level.
III. RESULTS AND DISCUSSION
We first explore the bulk properties of G/i -Ta/SiC. Figure 2 plots its geometric config-
uration and the corresponding electronic structures without and with the SOC. It is worth
emphasizing that many transition metal elements14–18 have been successfully inserted into
the interface between graphene overlayer and SiC substrate. In this configuration, all the
dangling bonds of surface Si are fully saturated by the inserted Ta when the ratio of Ta
to surface Si is 1/3, and the p-d hybridization quenches the magnetic moment of transition
metal, leaving the time-reversal symmetry reserved similar to the other transition metal
intercalation10,19,20. When the SOC is not considered, two bands intersect each other just
on the Fermi level [Left panel in Fig. 2(c)]. Different from that in graphene, the crossing
point lies at Γ point instead of K. Looked closely, it is found that the dispersion is largely
parabolic in the region near Γ point rather than linear as the magnified plot in the dashed
rectangle. Taking into account the SOC, there opens a direct gap of 92 meV at Γ point
[Right panel in Fig. 2(c)].
Note that the system possesses a significant Rashba splitting, which lowers the system
bandgap a little to 81 meV as shown in Fig. 2(c). Although it is still a direct gap semicon-
ductor, the valence band top and conduction band bottom have a small displacement from
Γ point. The Rashba splitting is k-dependent strongly, ranging from zero to 84 meV for
the topmost valence band. Such a large Rashba splitting is barely reported in the previous
literatures, which may bring about new features to the helical edge states. Although the
bulk band structure is not characterized by the linear Dirac spectrum as d5 transition metal
intercalated system20 and presents large Rashba splitting, the substantial SOC gap should
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also drive the system into a robust QSH state as previously demonstrated.21
We further calculate the local density of states (LDOS) as shown in Fig. 2(d). Owing
to the local C3v symmetry, the degenerate Ta d-states split into three different subgroups:
the dz2 singlet and the (dxy, dx2−y2) and (dxz, dyz) doublets. There appears considerable
Ta d states and surface Si p states besides the graphene p states around the Fermi level,
implying their strong hybridization. This on the one hand endows the sandwiched structure
a good stability and on the other hand, enhances the system SOC significantly, thereby
the large SOC gap. Such a transition metal d-electrons dominant SOC gap has been well
demonstrated by the previous studies20,21 and is not the concern of this work.
In detail, the lowest unoccupied band is dominantly contributed from the Ta dxy
and dx2−y2 orbitals, whose hybridizations with C pz orbitals hold the quasi-2D inversion
symmetry22. Nevertheless, the (dxy, dx2−y2) and (dxz, dyz) doublets contribute more or less
to the topmost occupied band. Note that the couplings of dxz and dyz with C pz orbitals
break the quasi-2D inversion symmetry22. This is probably why the Rashba splitting in
valence band is more obvious compared with in conduction band [See the right panel of Fig.
2(c)].
The topologically non-trivial edge states are the direct evidence for the QSH insulator.
Next we turn to study the electronic properties of G/i -Ta/SiC ribbons with different widths.
We consider the ribbons with zigzag termination because of not breaking the strong Ta-C
and Ta-Si bonds (see Figs. 2(a) and (b)). Figure 3 shows the calculated electronic structures
of zigzag G/i -Ta/SiC ribbons for representative width (W = 10, 26 and 46) without and
with the SOC. Note that since the crossing occurs at the Γ point for bulk band when the
SOC is switched off, there are not the trivial gapless edge states even in the zigzag ribbons
unlike in pristine graphene.
Not including the SOC, as expected, the quantum size effect opens a band gap at the Γ
point and the gap size decreases as the ribbon width increases (see the upper panel of Fig. 3).
Switching on the SOC, the band structure becomes very interesting. For W = 10 case, the
SOC reduces the band gap at the Γ point while the remarkable Rashba splitting between
the two spins leads to the indirect band gap feature as shown in Fig. 3(b). Specifically,
the Rashba splitting is rather asymmetric for the valence and conduction band. When
the ribbon width increases to W = 26, it is found that the SOC has closed the band gap
induced by quantum size effect as reflected in Fig. 3(d). Now the Dirac cone spectrum has
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FIG. 3: (Color online) (a) Band structures corresponding to different ribbon widths without
(a)(c)(e) and with (b)(d)(f) spin-orbit coupling. The ribbons contain 10, 26 and 46 zigzag carbon
dimers from left to right, respectively. Fermi levels are at energy zero.
formed. (Noting that the Rashba SOC can mix the up and down spin and open a gap at
the crossing point. Not only is this gap negligible herein but also it does not change the
essentially topological nature.23) Although the metallic states emerge spanning the SOC gap
as expected, the asymmetric splitting of the Dirac cones is surprisingly found for the first
time. It can be seen that the upper part is nearly degenerate as we usually observe while the
lower one splits obviously. We also find a small Dirac point separation of 8 meV between
the two Dirac cones. Further increasing the ribbon width to W = 46, the splitting gets
negligible both at the Γ point and between the topmost two valence bands as shown in Fig.
3(f), meaning the thoroughly inter-edge decoupling.
Clearly, the strong inter-edge coupling destroys the QSH state in W = 10 ribbon while
the coupling is ignorable for W = 46 one, allowing a true time-reversal symmetry protected
QSHE. But the situation for W = 26 ribbon becomes complicated. Apparently, the Dirac
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FIG. 4: (Color online) (a) Electronic structure of zigzag G/i -Ta/SiC ribbon with W = 26 as well
as the real-space charge distributions at the top (b) and down (c) Dirac point and the k = 0.05 pi/c
(c is the lattice constant) for the first (d) and second (e) topmost valence band with an isosurface
= 0.0016 e/A˚3. Note that only one of the two-fold degenerate states is plotted at the Γ point.
cone spectrum emerges, which would suggest the QSH state akin to the three dimensional
counterparts24,25. However, our explored ribbons possess the mirror symmetry. Conse-
quently, the opposite edge states have to be two-fold degenerate strictly and the energy
degeneracy must be four at the Γ point. Thus, the Dirac cone cannot be splitted as shown
in Fig. 3(d) if there is no inter-edge coupling. These unambiguously show that W = 26 rib-
bon is still too narrow to decouple the edge states on the opposite sides although the Dirac
cone spectrum emerges. In addition, we find that the unique Dirac cone band structure is
not related to the mirror symmetry of W = 26 ribbon because a similar band is obtained in
W = 28 ribbon which does not possess the mirror symmetry.
To further explore the character of Dirac states in W = 26 ribbon, we plot the real-space
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charge distribution at the represented k points as shown in Fig. 4(a). It can be seen that
the states shown in Figs. 4(b) and 4(d) distribute over the whole ribbon, meaning the
bulk character. In sharp contrast, Figs. 4(c) and 4(e) both reveal the edge state character.
Distinctly, there are two pairs of helical edge states for W = 46 ribbon while they all
exhibit the bulk character for W = 10 ribbon. Indeed, there exists the inter-edge coupling
for W = 26 G/i -Ta/SiC ribbon although it exhibits the unambiguous Dirac cone spectrum.
These results are easily understood from the viewpoint of quantum confinement effect which
promotes a width dependent gap and then this gap gets diminished upon increasing the
values of W . An interesting finding here is the three physical phases associated with the
inter-edge coupling, i.e., the survival or not of the edge states, or the hybridization of bulk
and edge states.
In fact, the finite size effect is intrinsically the coupling between two Dirac cone states on
the opposite edges. It may result in three kinds of band structures10: (i) fully gapped Dirac
cones due to two non-zero interaction parameters, (ii) two new Dirac cones with renormalized
Fermi velocities under only one non-zero interaction parameter, (iii) intact Dirac cones due
to two zero interaction parameters. The W = 10, W = 26 and W = 46 ribbon exactly
corresponds to the condition of (i), (ii) and (iii). One of the two Dirac cones belongs to
the bulk state (See Figs. 4(b)-(d)) is a strong evidence of only one non-zero interaction
parameter in W = 26 case, i.e., either R or T is zero (See Fig. 1). According to Delplace et
al.8, the system also prohibits the backscattering and hence the quantized edge transport.
However, any disorder that changes the inter-edge coupling may destroy it. At this point,
we realize a new topological phase associated with the band topology alone rather than
time-reversal symmetry in W = 26 G/i -Ta/SiC ribbon.
Then a nature question arises: why there appears such an anomalous topological phase
herein. As discussed above, the doublets (dxy, dx2−y2) and (dxz, dyz) have distinct effects on
the quasi-2D inversion symmetry22 under the interaction with graphene pz orbitals, which
leads to the coexistence of considerable intrinsic and Rashba SOC. Intuitively, the system
could be considered to have two SOC gaps at different scales owing to the obvious Rashba
splitting. This generally corresponds to the different SOC strengths, which are reported to
be closely associated with the edge state decay length26. In fact, we can estimate the orbital-
dependent decay length in quantity from the characteristic of topmost valence and lowest
conduction band because of their distinct d-orbital contributions. For example, the lowest
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FIG. 5: (Color online) Electronic properties of G/i -Ta/SiC ribbon as a function of the width.
When the ribbon is rather narrow, the Dirac cone is fully gapped due to the quantum size effect.
As the increase of ribbon width, the gap decreases and is finally closed, meaning a topological
phase transition. However, there still exists the inter-edge coupling and the Dirac-fermions are
contributed both from bulk and edge. Further increasing the ribbon width, the inter-edge coupling
becomes negligible and the system enters the true time-reversal invariant QSH state.
conduction band [dominated by (dxy, dx2−y2) doublet] is almost degenerate at W = 26,
meaning the fully decoupled edge states. So the decay length must be smaller than half
the ribbon width, ∼3 nm. On the other hand, the splitting in the topmost valence band
[dominated by both (dxy, dx2−y2) and (dxz, dyz) doublets] remains significant even if the
ribbon width achieves ∼10 nm (W = 38). Thus, the addition of dxz and dyz orbitals leads
to a much larger decay length, >5 nm.
Figure 5 illustrates the general phase scheme of the QSH insulator as a function of its
ribbon width. For the system with negligible Rashba SOC, there exists only two phases (Left
and right panel in Fig. 5). The Dirac cone emerges exactly when the contributions from
quantum size effect and the intrinsic SOC cancel each other and transition therein occurs
between topologically trivial and non-trivial phases. However, if the system possesses a
considerable Rashba SOC, the gap may close even though the contribution of intrinsic SOC
is smaller than the quantum size effect. This will give rise of a new topological phase (Middle
panel in Fig. 5) between the above two. Now the system can also exhibit quantized edge
transport, but it substantially differs from the time-reversal protected QSH state. Such an
intermediate state maintains until the quantum size effect induced gap is thoroughly closed
by the intrinsic SOC, then entering the true time-reversal invariant QSH phase.
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IV. CONCLUSION
To summarize, we investigate the evaluation of edge states as the ribbon width in the
QSH insulator of G/i -Ta/SiC. We find a new topological phase that has not been noticed to
date, locating between the well-developed true time-reversal invariant QSH phase and trivial
insulator. In this new phase, the quantized edge transport is robust against the inter-edge
coupling and no Dirac gap is opened. There is only one pair of edge states rather than
two, distinctly different from the true time-reversal QSH state. We attribute this to the
orbital-dependent decay of edge state into the bulk. Our work deepens the understanding
of topological phase transition as well as the finite size effect in the QSH insulator.
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